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technique that produces an image of functional processes in the
body. The PET machine detects pairs of gamma rays, or positrons

emitted by the annihilation of a tracer (as the 8FdG), introduced
into the body.
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The particularity of PET stands in the possibility of recover a
sequence of images as a time series. This allows the researchers to
study the evolution of the tracer kinetics, which will be treated in
the next seminar.

Since the positrons are emitted two by two, before considering a
couple of data as the product of the same annihilation process, the
machine filters only the pairs of positrons incoming in the same
(small) temporal window At. This allows to reduce the effect of
scattering, so the data collected after this filtering is quiet reliable.
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A (multi-)compartment model is a type of mathematical model
used for describing how materials or energies are transmitted
among the compartments of a system. Each compartment is
assumed to be a homogeneous entity. Hence a compartment
represents, in medical application, a group of organs exchanging
material at the same speed one with another.

The kinetics of the material is described by an ordinary differential
equations system with as unknown functions the concentration of
the considered material in each compartment.
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|
Lo Ci=1/V
u = DJ(t)

—>

Kor
{ Q = Pi—KuQ+D(t) , Qi(0)= Qo
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The general model for compartment model is the following:

General model

@ = Y Fi(Q =D Fi(Q)+Pi+ult) , Qi0)= Qi
J# J#
C,' = %It) or C,'ZO
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A tracer is a small quantity of substance used for tracking
purposes.
The tracer:

can be measured independently from the traced

follows the dynamics of the traced and do not perturb the
state of the system (small quantity)

is kinetically indistinguishable from the traced
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From the third assumption we can get the following principle:
P(a particle leaving j is tracer) = P(a particle in j is tracer)
this means that

fij _ G
Fi+fi Qi +gqj

equivalently

Fij _ 1
= ky(Q

I s
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Zf;j Q q Z jl(Q Cl)+Ul( ) 5 qi(o) =40
J#i J#

t
¢ = q’\(/_) or ¢ci=20
1
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If we suppose that all the functions k;;j(Q) = k;j; are constant then

fii(Q) = kjjq;j and the model becomes

g = Zkqu Z iqi +ui(t) 5 qi(0) = gio

J#I J#I

i(t
¢ = —q’\;) or ¢ =0
1
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Under this hypothesis the model goes under the category of Linear
Time-Invariant model in state-space form

LTI state-space

x = Ax+Bu , x(0)=xo
y = Cx

Where u is the input, y the output and the system is determined
by (A, B, C).
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The system (A, B, C) is equivalent to the direct input-output
relation

Y(y) = Cx(t) = (C exp(tA) B) * u(t)

so we define the impulse response function
o(t) = C exp(tA) B
and its Laplace transform, the transfer function

(s)=C(sl—AB

so that y = ¢ % u and :g?)f/

B has
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Moreover under the hypothesis the the input is a bolo

u(t) = Di(t)

we get that
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Definition
The model (A, B, C)

x = Ax+Bu , x(0)=xp
y = Cx

is (uniquely) identifiable if it is possible to determine (uniquely) the
nonnegative entries of A, given B, C, and the exact data xg, y, u.
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u(t) u
N_/

---0

c(t)

Is this model identifiable?
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A Compartment k is in/out-put reachable if 3 a path from an
in-out-put compartment to k.

A system (A, B, C) is in/out-put reachable if every
compartment is in/out-put reachable.

u(t) u
Example: this system is

\ / input reachable but not
‘ output reachable.
c(t)
---0
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Theorem (necessary conditions)

Let (A, B, C) be an identifiable system, then:
The system is input reachable
every compartment with an outgoing path is output reachable

‘ ‘ Example: this system could

\ / be reachable.
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The transfer function ¢(s) is a rational function of the form
2 N(s) . -1
= — h N "= D n
o(s) D(s) wit eP",DeP

where n = dim(A).

In fact

aon 1 5 ~adj(sl —A)
o(s)=C (sl —A) B = det(sl — A)

n—1
and adj(A) = Z Rys*
k=0
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Theorem (sufficient conditions 1)

If the equation of the numerator and denominator have a (unique)
solution, then the system (A, B, C) is (uniquely) identifiable.

Theorem (sufficient conditions 2)

If the equations $(K)(0) = CAKB, fork=0,...,n—1 have a
(unique) solution and the denominator is never null, then the
system (A, B, C) is (uniquely) identifiable.
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Example: the system

0 k1 k3
0 ko 0

B = (0,1,0),C = (0,0,1/V5)

is identifiable, not uniquely.
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Identification can be made using the results of the two sufficient
conditions, but such techniques has revealed to be numerically
inaccurate. So the calculation of the parameters is given by a
(weighted) nonlinear least squares method.

A= argmin |ly — yal[> = [ly — ¢a* ul|* =

= |ly = (C exp(tA) B) = ul|®

I mas



General introduction

‘......Illlll.l..........-___________.--lllllllllllllllllllllllllln

The Sokoloff model (1970s) is the main model studying the
kinetics of the tracer *8FdG in the brain. It uses a sequence of
PET reconstructed images as input.

2400 counts ! minute { ml of tissue
——2364

y—— 1620

1967

SUM
over n pixels
in region
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The model is the following
C = Vi€, + (1= V)[Cy +Cb]
?

"mﬁ _________ .. —kq ko 0
: ) . i A=| ki —(ket+ks) 0 |,
e-0o-o@ '
ko I
B = (1,0,0),

C=(Vp,1— Vi, 1— Vp).
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Is this model identifiable?

det(sl — A) = s> + (ky + ko + k3)s® — kiko
C adj(sl — A) B = Vj,s% 4 (Vpky + ko)s.
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Is this model identifiable?

det(sl — A) = s> + (ky + ko + k3)s® — kiko
C adj(sl — A) B = Vj,s% 4 (Vpky + ko)s.

Answer: yes it is.
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From the values ki, ko, ks we can compute the value of the local
glucose metabolism

N

C
MR = K2
LP
where with this model K = k’;ﬂ:‘%, 6,, is concentration of glucose
in the plasma (in stationary state) and LP is the lumped constant.
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